Bardeen regular black hole is commonly considered as a solution of general relativity coupled to a nonlinear electrodynamics. In this letter, it is shown that Bardeen solution may be interpreted as a quantum-corrected Schwarzschild black hole. This new interpretation is obtained by means of a generalized uncertainty principle applied to Hawking temperature. Moreover, using the regular black hole of Bardeen, it is possible to evaluate the quantum gravity parameter of the generalized uncertainty principle or, assuming the recent upper bounds for such a parameter, verify an enormous discrepancy between a cosmological constant and that measured by recent cosmological observations (∼ 10 120 ).
I. INTRODUCTION
Bardeen's regular metric [1] is considered the first regular black hole (RBH) ever constructed in general relativity (GR). It is defined as a spherical object of variable mass, m(r), with horizon(s) (at most two: the inner r − and the outer r + horizons) and without the physical singularity. Such a regular geometry is possible because, according to ideas of Sakharov and others [2, 3] , spacetime inside the event horizon for regular solutions is de Sitter-like. For this type of black holes, there exists a de Sitter core for small values of the radial coordinate. With a de Sitter core, Bardeen RBH violates the strong energy condition. The violation of an energy condition is the origin for the regularity of RBHs [4] . With such a violation, RBHs do not obey one condition of HawkingPenrose theorems of singularity [5] . Then, for RBHs, the existence of a singular point (or a singular ring for axisymmetric spacetimes) is not a necessary consequence from the theorems of singularity.
In this letter, we shall interpret Bardeen RBH from another point of view. Considering the general metric with spherical symmetry
where f (r) = 1 − 2m(r)/r, Bardeen's solution appears due to a suitable choice for m(r). Following the notation of [4] , the mass function for Bardeen RBH is written as where M and r 0 may be interpreted as mass and length parameters, respectively. The parameter M stands for the ADM mass of Schwarzschild black hole. The limit of m(r) confirms such a interpretation, i.e., lim r→∞ m(r) = M . Indeed, the metric (1) with the mass function m(r) is approximately Schwarzschild metric for large values of the radial coordinate (r r + ). On the other hand, contrary to Ayon-Beato and Garcia's interpretation [6] , according to which r 0 = e is a magnetic monopole, and Bardeen solution comes from GR coupled to a nonlinear electrodynamics, we consider r 0 as a microscopical length, and, as we shall see, such a length parameter is proportional to Planck length. Without such a microscopical length (r 0 = 0), the metric (1) with the mass function (2) is Schwarzschild metric. The most interesting feature provided by the mass function given by Eq. (2) is a de Sitter core for small values of r. For these scales, m(r) ∼ r 3 , and the metric term is f (r) ∼ 1 − Cr 2 , with C playing the role of a positive cosmological constant.
Thermodynamics of black holes is one of the most interesting chapters in black hole physics. The concepts of temperature, entropy and heat capacity, for example, are associated to black holes as well. Classically, black holes do not emit radiation. However, from a semiclassical point of view, Hawking [7] showed that black holes emit radiation. Today it is called Hawking radiation and obtained from several ways. Besides the original Hawking's approach, the tunneling method provides a black hole radiation. In such an approach, a particle may cross the event horizon by quantum tunneling. It is possible to indicate two ways to obtain the tunneling result in the literature: the first one is the null-geodesic method developed by [8] ; the second one uses the Hamilton-Jacobi ansatz [9] . The latter will be used in this letter to evaluate both Hawking temperature and the quantum-corrected Hawking temperature.
The tunneling method will be useful to calculate the quantum-corrected temperature using a generalized uncertainty principle (GUP). A GUP provides high energy corrections to black holes thermodynamics, which come from both a quantum theory of gravity and the idea of a minimum length. With a specific GUP applied to the quantum tunneling, we shall interpret Bardeen RBH as a quantum-corrected Schwarzschild black hole at second order of approximation.
II. TUNNELING APPROACH
As we said, the quantum tunneling effect allows that particles inside the black hole cross the event horizon. It is possible to calculate the tunneling probability of this process. In such a method, we are interested in radial trajectories. Therefore, the metric (1) may be considered 2-dimensional near the horizon:
Thus, the problem is entirely solved in the t − r plane. The Klein-Gordon equation for a scalar field φ with mass m φ , with the aid of Eq. (3), is written as
Now, using the WKB method, one has the following solution for Eq. (4):
And for the lowest order in ℏ, substituting Eq. (5) into Eq. (4), one has the so-called Hamilton-Jacobi equation
with the action which generates (6) given by
E is the radiation (or particle) energy. As we shall see, E is the energy of Hawking radiation. The explicit form for W (r), the spatial part of the action, reads
The functions W ± (r) represent outgoing and ingoing solutions, respectively. It is important to emphasize that classically W + (r) is forbidden because it describes solutions which cross the event horizon, moving away from r + . Then, to obtain Hawking radiation outside the event horizon we shall focus on W + (r).
With the approximation for the function f (r) near the event horizon, i.e., f (r) = f (r + ) + f ′ (r + )(r − r + ) + ..., Eq. (8) assumes the simple form:
with ′ denoting derivative with respect to r. Thus, the probability of crossing the event horizon by tunneling, or the emission rate, is given by the imaginary part of the action (7):
Comparing Eq. (10) with the Boltzmann factor e −E/T , Hawking temperature derived by the tunneling method is written as
As we can see, the temperature obtained by tunneling is the same obtained by the surface gravity κ used by Hawking. It is rather interesting to obtain Bardeen temperature using both Eq. (11) and an approximate mass function. For large values of r (specifically for r r + or, equivalently, r 0 /r ≪ 1), the mass func-
r0 r 2 , and the metric term in Bardeen RBH reads
up to second order in r 0 /r. This approximation leads to a simplified result for temperature of Bardeen RBH and, as we shall see, a clear comparison with the quantumcorrected temperature of Schwarzschild black hole. Substituting the metric term (12) into Eq. (11), the approximate temperature of Bardeen RBH is given by
in the same order of approximation for r 0 /r + , with T Sch = 1/4πr + playing the role of Schwarzschild temperature, and r + is approximately Schwarzschild radius. Therefore, the approximate temperature of Bardeen RBH is the temperature of Schwarzschild black hole minus a positive term from the regular metric. Then, according to Eq. (13), Bardeen RBH is colder than Schwarzschild black hole. This interesting feature may be considered an observational difference between regular and singular black holes.
III. A GENERALIZED UNCERTAINTY PRINCIPLE
The GUPs (there are generalized principles) have been applied in several black holes metrics. Besides the standard black holes in GR [10] [11] [12] and RBHs [13] , a GUP was applied in black holes within other contexts [14] .
To obtain quantum corrections to temperature, we shall consider a quadratic GUP written as
where l p = ℏG c 3 ≈ 10 −35 m is the Planck length, and λ is the so-called dimensionless quantum gravity parameter. For λ → 0 we have the standard uncertainty relation and, as we shall see, the results of the semiclassical approach to obtain Hawking temperature. We can rewrite the GUP as
and considering l p /△x ≪ 1, we apply the Taylor expansion such that
where ℏ was set equal to 1, according to Planck units. By using the saturated form of the uncertainty principle, namely E△x ≥ 1, the energy correction reads
up to second order in l p . Therefore, according to Eq. (10), for particles with corrected energy E GUP , the tunneling probability of crossing the event horizon is
Thus, we may compare Eq. (18) with the Boltzmann distribution e −E/T to find the quantum-corrected Hawking temperature for particles with energy E:
where T is given by Eq. (11) and, according to [15] , the uncertainty in x for events near the event horizon is given by △x ≃ 2r + .
IV. BARDEEN RBH AS A QUANTUM-CORRECTED BLACK HOLE
Let us obtain the quantum-corrected temperature of Schwarzschild black hole and compare to Bardeen RBH temperature. From the GUP, specifically Eq. (19), assuming that l p /r + ≪ 1, one has for Schwarzschild metric
up to second order of approximation in l p /r + . Such a temperature for particles with energy E is also generated by a metric term in the form
Assuming that Bardeen microscopical parameter r 0 is written as
then, up to second order in r 0 /r, or l p /r + , the metric function for the quantum-corrected Schwarzshild black hole (21) is equal to the metric term for Bardeen RBH, given by Eq. (12) . Geometrically speaking, the behavior of the metric term for large values of r and the asymptotic limit (lim r→∞ f (r) = 1) are the same for both black holes. Then, from a thermodynamic point of view, in second order of approximation, both black holes are indistinguishable.
As we saw, Eq. (13) will correspond to quantumcorrected Schwarzschild temperature, given by Eq. (20), if we assume the relation between r 0 and Planck length indicated by Eq. (22). According to [16] , where upper bounds for the quantum gravity parameter were investigated, one has λ < 10 10 (or following the authors notation λ 2 ≃ β 0 < 10 21 ) using non-gravitational alternatives like the Lamb shift, Landau levels and scanning tunneling microscope. On the other hand, from a gravitational system, specifically a modified Schwarzschild black hole, using values of light deflection and perihelion precession, the authors [17] obtained worse values, for example, λ < 10 34 . However, assuming a better upper bound (λ < 10 10 ), our interpretation of r 0 as a microscopical length is confirmed
and, from a specific GUP applied to the tunneling method, we suggest another origin for Bardeen RBH. Instead of a solution of Einstein's field equations coupled to a nonlinear electrodynamics [6] , we propose Bardeen RBHs as a quantum-corrected Schwarzschild black hole at second order of approximation. And one of the most important features of potential quantum-corrected black holes is the absence of singularities. As we know, Bardeen RBH possesses such a feature. As we said, the ability of Bardeen RBH of removing the singularity comes from a de Sitter core inside the event horizon. For small values of r, the metric term in Bardeen is written as
where the physical constants were restored. On the other hand, de Sitter spacetime presents
with Λ = αΛ e playing the role of a positive cosmological constant, and the value of Λ e , the effective cosmological constant, is given by the recent observations and dark energy data [18] 
Then, the value of the quantum gravity parameter may be obtained from a RBH using the relation between r 0 and l p , shown in Eq. (22), and the above equation. That is,
For a Bardeen RBH with solar mass, M = M ⊙ , we have λ ∼ 10 53 , considering that the cosmological constant is equal to the effective one (α = 1). As we said, for a deformed Schwarzschild black hole with solar mass, the best upper bound was λ ∼ 10 34 in [17] . We argue that a possible reason for this enormous discrepancy is the value of the cosmological constant. Assuming that α = 1, our values of λ are improved. For example, for an extreme α ∼ 10 120 , we obtained an interesting λ ∼ 10 13 ! But such a ratio is the reported discrepancy between the cosmological constant, or vacuum energy, predicted by quantum field theory (ρ
QF T Λ ∼ 10
72 GeV 4 ), and the measured cosmological constant [19] . Thus, using a recent upper bound for the quantum gravity parameter, our α indicates the ratio-or discrepancy-between a cosmological constant and that measured by the most advanced telescopes.
V. FINAL REMARKS
Quantum corrections to Hawking temperature were studied using a GUP. The GUP applied to the tunneling method to obtain quantum-corrected temperature indicates that Bardeen RBH may be interpreted as a quantum-corrected Schwarzschild black hole at second order of approximation. Moreover, RBHs, or Bardeen regular metric, may provide a form to estimate the quantum gravity parameter in the GUP or, from a reliable value for such a parameter, indicate a cosmological constant in black hole physics which is different from the observed in cosmology.
